By the Polyhedral Schoenflίes Conjecture we will mean the following conjecture:
If the ^-sphere S n is triangulated as a simplicial complex and K is a subcomplex of S n such that K is topologically homeomorphic to S n~\ then K is topologically flat in S n (i.e., (S n , K) is topologically homeomorphic, as pairs, to (ΣΛ n , A n ), where Σ denotes suspension and Δ n is the standard ^-simplex). More generally, we consider the following conjecture:
If M n is a closed topological ^-manifold that is triangulated as a simplicial complex, N k is a subcomplex of M n and is also a closed topological fc-manifold, and n -k Φ 2, then N k is topologically locally flat in M n . If the triangulation of M n and the induced triangulation of N k are both PL triangulations, then it is well-known that the conclusion holds ( [1] and [17] ). In fact, in this case, if n -k ^ 3, then N k is PL locally flat in M n [17] . If k = n -1 and both N n~ ' and M n are star manifolds (an w-star manifold is a triangulated manifold such that the link of each (n-k-1)-simplex is a Λ -star manifold topologically homeomorphic to S k ), then the conclusion follows by [1] . If n-k ^ 3 401 402 LESLIE C. GLASER and both N k and M n are star manifolds, the result follows from [15] . If k = n-1, M n is an n-star manifold and N* 1 " 1 is an (n-l)-dimensional L-complex (an L-complex is a complex K such that, for each simplex σ e K, Σ (lk(σ, K) ) is homeomorphic to a topological sphere of dimension = dim if-dim σ), the conclusion follows from [12] . It also follows by [1] and [15] . By a simplicial homotopy n-manifold M n we will mean a locally finite simplicial complex such that the link of each (n-k-1)-simplex of M n is a complex homotopy equivalent to S h . Here (in Theorems 1 and 3), we show that if M" is a simplicial homotopy n-manifold, N k is a simplicial homotopy A -manifold that is a subcomplex of M n , n-k Φ 2, and for n or k = 4, we also assume that the given complexes are topological manifolds, then N k is topologically locally flat in M\ Thus, if S k « N k aM n w S % , n-& ^ 2, and each of ΛΓ* and M n is a simplicial homotopy manifold, then (M n , N k )^{Σ nk Δ k+ \ > +1 ). In Theorem 4, we show that this is the best result possible in that the above results either include the general case, or the general case is false. That is, we show that if the second conjecture is false for some N k c M n , then one of N k or M n is a triangulated manifold that is not a simplicial homotopy manifold. Moreover, if there exists any closed triangulated topological n-manifold that is not a simplicial homotopy n-manifold, then the Polyhedral Schoenflies Conjecture is false (for some m) (refer to Theorem 4). In fact, there would exist counterexamples to the polyhedral Schoenflies problems of both type I and type II considered in [6] .
It follows by [14] , that if n Φ 4, then any simplicial homotopy w-manifold is actually a topological w-manifold (we include a proof of this fact here in Remark 2). In Theorem 2, we show that if M n is a simplicial homotopy n-manifold (n ^ 5) or is a triangulated closed topological n-manifold (n ^ 4), then each open simplex of M n is topologically locally flat in Jlf\ We also should note that if M n is a simplicial homotopy n-manifold and
, is a PL homotopy 3-sphere for k -3, is a simplicial homotopy 4-manifold homotopy equivalent to S 4 for k = 4, and is a simplicial homotopy yfc-manifold topologically homeomorphic to S k for k ;> 5. Furthermore, ΣL 4 ^ S δ (refer to the proof of Corollary 2) and Σ 2 U ** S 5 (refer to Remark 1). (Also, see [8] or [14] .) However, it is not known whether ΣL 3 is homeomorphic to S 4 , and it is not known whether L 4 is a topological 4-manifold. In any event, a simplicial homotopy n-manifold is more general than the nstar manifolds of [1] , or the n-dimensional L-complexes of [12] ; and they may be more restrictive than the concept of a triangulated topological w-manifold. ( [12] or [8] ) and L k is homologically equivalent to S k ; thus a triangulated topological manifold can be thought of as a simplicial homology manifold.)
The concept of simplicial homotopy -^-manifold extends to complexes having a boundary in the obvious way. In [4] , it is shown that if (1) M ι and M 2 are connected simplicial homotopy ^-manifolds, where n ^ 6 (and both may have a boundary) or where n -5 and
such that all point-inverses of / and of (/1 BdM^ are compact and contractible, and (3)e: M γ -» (0, °°) is a continuous function, then there is a topological homeomorphism h:
In [8] , the significance of the following seemingly restrictive question is noted:
Simplified Double Suspension Problem. Does there exist, for some integer n ^ 4, a finite contractible subcomplex K of a PL triangulation of E^ such that π 1 
In particular, the equivalence of the following three statements are proven in [8] :
(i ) The answer to the Simplified Double Suspension Problem is always NO;
(ii) For all n ^ 4 and all k 7> 0, no (k + l)-suspension of any nonsimply connected PL homology (n -l)-sphere (i.e., a closed PL (n -l)-manifold having the homology groups of S n~ι ) is a manifold (= is homeomorphic to S n+k ); and (iii) every triangulated topological ^-manifold is a simplicial homotopy w-manifold.
In fact, if it can be shown that every closed triangulated topological manifold is locally flat on the interior of each 1-simplex, the (i), (ii) and (iii) above hold, and every closed triangulated topological manifold is locally flat on each open simplex of the triangulation.
We now give some additional definitions and notation. We will use = to denote PL homeomorphic (recall ^ denotes topological equivalence). If X is a compact space, ΣX denotes the suspension of as a * (b * S 3 * c) * d, H can be defined so as to carry v * x * y * w linearly onto the suspension circle a * b * c * d, with (v, x, y, w) 
is a PL homotopy S-sphere contained as a subcomplex of a simplicial homotopy 4-manifold L\ then L
in a natural manner. Let us denote the homeomorphism going from the former expression to the first given subset of ΣL 4 by g. Let
Then the composition Remark 2. It is now easy to see that any simplicial homotopŷ -manifold M n is a topological ^-manifold, provided n Φ 4. That is, for n ^ 3, it is trivial to see that simplicial homotopy ^-manifolds are PL ^-manifolds. For n -5, the result follows from the comments above. For n ^ 6, the result follows by induction, since
is a simplicial homotopy (^-1)-manifold that is homotopy equivalent to S n~ι . Since nΛ ^ 5, L n~~ι is a topological (^-1)-manifold by induction, and by [5] , L"" 1 ^ S*" 1 . We recall, the problem when n -4, is that it is unknown whether the suspension of an arbitrary homotopy 3-sphere is topologically S 4 or not. Proof. Since L 5 is a 5-manifold ( [14] or Remark 2) homotopy equivalent to S\ U *** S 6 [5] . 
is a simplicial homotopy 4-manifold homotopy equivalent to S 4 and lk(x, U) = L 3 is a PL homotopy 3-sphere. By Corollary 3,
as pairs, with v*{x*y)*w going to α*(δ*c)*d. Proof. We first recall that M n is a topological π-manifold and N n~λ is a topological (Vl)-manifold for all n ^ 1. This follows by [14] , or Remark 2, for n or n-1 Φ 4, and by assumption, for n or n-1 = 4.
For n ^ 3, each of M n and iV"" 1 are PL manifolds and the result is well known (in fact, N %~x is PL locally flat in M n for these cases). We now consider N 3 aM 4 .
Let v denote an arbitrary vertex of N\ by [1] that (M% N^1) ^ (ΣΔ\ A n ). For n = 5 or β, the result follows by Corollary 2 or Corollary 5, respectively. The proof for n ^ 7 now follows by induction. That is, consider N n~ι c AP for some fixed n ^ 7 and suppose we know the result for all A:, 1 ^ fc < %. Let v be a vertex of N^1 and consider the pair (lk (v, M n ), lk(v, N n~1 Proof. The result in case (1) follows from Theorem 1, since any triangulated closed topological ^-manifold is a simplicial homotopŷ -manifold, if n ^ 4. The result in case (2) also follows from Theorem 1, since, by [8] , our assumption implies that all triangulated manifolds are simplicial homotopy manifolds (also recall our comments in the introduction). Proof. The proof is by induction on k. The result for k ^ 3 follows from [2] [15] . We now suppose ά ^ 6. Then for every vertex v e N k , (lk(v, M n ), lk(v, N k ) ) is a simplicial homotopy sphere pair. Since k ^ 6, lk(v, M n ) , (lk(v, N k ) ) is also a topological sphere pair, and by induction and [15], lk(v, N k ) is flat in lk (v, M n 
